We present exact and analytically accurate results for the problem of a flexible polymer chain in shear flow. Under such a flow the polymer tumbles, and the probability distribution of the tumbling times τ of the polymer decays exponentially as ∼ exp(−ατ /τ0) (where τ0 is the longest relaxation time). We show that for a Rouse chain, this nontrivial constant α can be calculated in the limit of large Weissenberg number (high shear rate) and is in excellent agreement with our simulation result of α ≃ 0.324. We also derive exactly the distribution functions for the length and the orientational angles of the end-to-end vector R of the polymer. 83.80.Rs Dynamics of a polymer under a shear flow has been of great interest both experimentally and theoretically [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . In biological systems, biomolecules subjected to complex fluid flows [6, 13] are quite common, and a shear flow is one such example. In shear flow, a polymer gets stretched as well as tumbles in an irregular fashion. A crucial quantity which describes the interesting conformational evolution of the polymer is its end-to-end vector R (see Fig. 1 ). Recently, experiments on a single DNA molecule in shear flow [10] have obtained accurate probability distribution functions of the length, the orientational angles, and the tumbling times of the vector R. On the other hand, theoretically, although scaling results from studies of non-linear single bead-spring model [7, 8, 9] and approximate analysis of semi-flexible chains [11] are known, these are mostly nonexact.
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For a non-linear system as a semi-flexible polymer (like DNA), approximate theoretical results as in [7, 11] are perhaps as best as one can get. They agree well with the static properties seen in experiments [10] . On the other hand, exact and analytically accurate results are very desirable for at least the flexible polymer problem. In particular, there exists no theory for the tumbling time statistics of the vector R; heuristic arguments given in [7, 11] are simply inadequate, as will be evident from our analysis below. In this Letter, we derive exact and analytically accurate results for the static and dynamic properties of R of a flexible Rouse chain [14] in shear flow.
The stochastic process of our concern, namely the end-toend vector R(t) of a linear polymer is a Gaussian random variable and its dynamics is non-Markovian. The aspect of Gaussianity makes it quite easy to write down the static "joint" probability density function (PDF) of the Cartesian components of the vector R, and consequently the joint PDF of the length R, latitude angle θ and the azimuthal angles φ [9, 11] . The first non-triviality is to get the PDFs of the individual polar co-ordinates, namely, F (R), U (θ) and Q(φ), in the stationary state. While Q(φ) was known [9, 11] , in this Letter we derive F (R) and U (θ) exactly for a linear chain.
Secondly, the non-Markovian evolution of R(t) [15] analytically extremely challenging. First passage questions in the context of polymers have been of long standing interest [16, 17, 18] . In general, for non-Markovian processes, calculation of first-passage properties are very nontrivial even when the full knowledge of the non-exponential two-time correlation function is available [19, 20, 21, 22] . However, when a process is smooth (as defined below) a method called 'Independent interval approximation' (IIA) is applicable [19] and yields accurate estimates [12, 22] . Very interestingly, while in the absence of shear any component of R(t) is a non-smooth process and thus analytical prediction is unknown, we show below that in the presence of strong shear, a suitable component of R(t) associated with tumbling becomes a smooth process, leading to analytical tractability via IIA. Thus quite unexpectedly mathematical simplicity is achieved in a case of greater physical complexity. To be precise, we show that the PDF of "angular tumbling times" τ , goes as ∼ exp (−ατ /τ 0 ) (where τ 0 is the longest relaxation time of the chain), and in the limit of large shear rate α → 0.324 + . This number will serve as a lower bound for experiments.
As shown in Fig. 1 , we study the Rouse dynamics [14, 23] of a polymer chain of N beads connected by harmonic springs, in a shear flow in the
T denote the coordinate vector of the n th bead (n = 1, 2, . . . , N ) at time t. For n = 2, 3, . . . , N −1, the position vectors evolve with time according to the equation of motion
where k denotes the strength of the harmonic interaction between nearest neighbor beads, and the vector f n (t) ≡ [γy n (t), 0, 0] T denotes the shear force field with rateγ. The Weissenberg number Wi =γτ 0 , where the longest relaxation time
T represents the thermal white noise with zero mean and a correlator
, where i, j = 1, 2, 3 and n, n ′ = 1, 2, . . . , N . The noise strength ζ is proportional to the temperature and all the force strengths in Eq. (1) are scaled by viscosity. With free boundary condition, the two end-beads (for n = 1 and n = N ) feel only one sided interaction and therefore they evolve via modified equations which is obtained from Eq. (1) by using r 0 (t) = r 1 (t) and r N +1 (t) = r N (t), for two fictitious beads 0 and N + 1.
For large N limit, the discrete n of the beads is replaced by a continuous variable s [23] and the discrete Laplacian in Eq. (1) is replaced by a continuous second derivative along s direction. Equation (1) then leads to
with the free boundary conditions ∂r(s, t)/∂s = 0 at s = 0 and s = N . In this continuum limit, the shear field and the noise correlator are given by
Solving Eq. (2) by the Fourier cosine transformation
we find that the Fourier modes are given bỹ
where
T is the m th Fourier mode of the noise vector η(s, t). The zero moder(0, t) = N −1 N 0 r(s, t) ds describes the center of mass motion of the polymer. Equations (3) and (4), together with the knowledge of the Fourier space noise correlator
, after some algebra, leads to the two point space and time dependent correlation function between different relative position coordinates. In the stationary state limit t → ∞ with a finite time increment τ ≥ 0, the correlation function
where i, j = 1, 2, 3 and the notations r (1) (s, t) ≡ x(s, t), r (2) (s, t) ≡ y(s, t), and r (3) (s, t) ≡ z(s, t). Note that, any static correlation function in the stationary state limit can be obtained by setting τ = 0 in the above equation. On the other hand, for dynamic properties like tumbling, we need the correlators with τ > 0.
We first consider the static distribution functions re-
T . Since the Cartesian components are Gaussian random variables, their joint PDF is,
, where C denotes the covariance matrix. Putting τ = 0 and (s 1 , s 2 ) = (0, 0), (0, N ), (N, 0) and (N, N ) in Eq. (5) we get the four correlators, respectively, needed to calculate each elements of C. Since the vector R is a difference of two position coordinates, the zero modes cancel, and hence we need not worry about it being present in Eq. (5). We find,
and the determinant |C| = ac, with c = ad − b 2 . The scaling of R It is straightforward to obtain the joint PDF of the polar coordinates by using the standard transformation:P(R, θ, φ) = P(R cos θ cos φ, R cos θ sin φ, R sin θ)R 2 cos θ. By integrating it over R we get the joint angular PDF
Now again integrating over φ in Eq. (8), we obtain our first important result, the PDF of the latitude angle,
is the complete elliptic integral of second kind [24] . From our exact result in Eq. (9), by taking the limit ofγ ≫ 1 and θ ≪ 1, we see that the E(.) → constant, and
−π/2 S(θ, φ) dθ can be easily derived from Eq. (8); we skip its explicit expression as similar result has been derived earlier in [9, 11] . We just note that Q(φ) peaks exactly at φ = φ m = The asymptotic dependences of the functions U (θ), S(φ = 0, θ) and Q(φ) on θ and φ, that we derive from our exact Eqs. (8) and (9) for a Rouse polymer, match with earlier studies on semiflexible polymers [7, 8, 9, 10, 11] .
To derive our second result for the radial length distribution function
dθP(R, θ, φ), we employ the trick of first calculating the Laplace transform of the PDF of
. This is easily obtained as h(s) = 1 + 2as −1/2 1 + 2s(a + d) + 4cs 2 −1/2 . The PDF F (R) is then related to the the inverse Laplace transform of h(s) as
and is given exactly as
where I 0 (.) is zeroth order modified Bessel function of first kind [24] , and λ = 1/(2a) − (a + d)/(4c) and µ = (d − a) 2 + 4b 2 /(4c). From asymptotic analysis of Eq. (10) we see that F (R) ≈ √ 2R 2 π|C| for small R, and
We now turn our attention to our third and main result on the first passage question of the polymer "tumbling" process in shear flow. The tumbling event is either defined as a radial return of the polymer to a coiled state (as in experiments [10] and simulations [8] ), or as a angular return of vector R to a fixed plane [8] , say φ = 0. The former radial definition relies on an arbitrary choice of a threshold radius [8, 10] , while the latter angular tumbling is not. In this Letter we study the statistics of angular tumbling time, i.e. the distribution of times τ between two successive zero crossings of the stochastic process R x (t). For the scaled time T = τ /τ 0 the relevant PDF asymptotically is P (T ) ∼ exp(−αT ). Analytical scaling dependence of α on Wi is known for semi-flexible polymers [7] , but accurate constant factors were not estimated. We show below that for a Rouse chain, in the limit of large Wi, α approaches a constant value, and that can be estimated by using a systematic IIA calculation.
For a Gaussian stationary process, the mean density of zero crossings is given by [25] : ρ = 1/ T = −A ′′ (0)/π, where A(T ) is the normalized correlator, i.e., A(0) = 1. We need A ′ (0) = 0 and a finite A ′′ (0) for ρ to be finite -then the process is smooth and one can use IIA [19] . Now, for the relevant stochastic process R x (t) of our concern, using Eq. (5) we find the stationary state correlator
The two sums in the first and the second lines in Eq. (11) for C xx (T ) will be henceforth referred to as C sh (T ) (due to shear) and C th (T ) (due to thermal fluctuations) respectively. In the absence of any shear (Wi = 0), the normalized correlator becomes A(T ) = C th (T )/C th (0). Using C th (T ) from Eq. (11) we see that both A ′ (0) and A ′′ (0) diverge, which in turn makes ρ infinite. Thus, in this case R x (t) is non-smooth -see inset (b) of Fig. 2 . Although IIA fails in this rather simple looking case, our numerical simulation gives α ≃ 1.20 (see the curve for Wi = 0 in Fig. 2) .
On the other hand, in shear flow (Wi = 0), both the terms C sh (T ) and C th (T ) are present in C xx (T ), and the small T singular behavior of C th (T ) contribute also to C xx (T ). Thus although R x (t) has long excursions (see inset (a) of Fig. 2 ) the thermal noisy contributions keep it non-smooth. While this makes application of IIA seem hopeless, we note that for Wi 2 ≫ 2 in Eq. (11), the term C th can be ignored compared to C sh . More precisely, in the limit Wi → ∞, the normalized correlator A(T ) → C sh (T )/C sh (0). Using C sh (T ) from Eq. (11), one finds A ′ (0) = 0 and A ′′ (0) = −120/π 4 , giving a finite mean density of zero crossings ρ = √ 120/π 3 . The fact that the process R x (t) becomes smooth is clearly seen in the inset (c) of Fig. 2 . Thus in this limit of strong shear, IIA becomes applicable.
A crude estimate of α can be made by approximating P (T ) to be exponential over the full range of T and not just asymptotically -this gives α ≃ ρ = 0.353. For a more systematic approach one needs to use IIA. In Ref. [19] , few different IIA schemes were discussed. We calculated α by all these various schemes, and the various estimates differ slightly -these details will appear in a future publication. In this Letter, we present a particular approximation which yields α very close to numerics. We start with [26] 
, where p n (T ) is the probability of having n zero crossings of R x between 0 and T . Then IIA assumes p n (T ) to be a product of the probabilities of intervals which make up the stretch 0 to T , integrated over the locations of the zero crossings. The latter convolution integrals are best handled by Laplace transformation, and one eventually obtains a relation between the Laplace transformsÃ(s) and P (s), of A(T ) and P (T ), respectively [19, 22] 
From Eq. (11), we obtain the exact Laplace transform of C sh (T ) and henceÃ(s) in the limit Wi → ∞ as,
Since P (T ) ∼ exp(−αT ), the Laplace transformP (s) must have a simple pole at s = −α. In other words, the denominator ofP (−α) must vanish, i.e. 1 − ( T /2)α(1 + αÃ(−α)) = 0, where T = 1/ρ = π 3 / √ 120. Solving for α from the latter, we finally have,
To check the accuracy of our analytical result Eq. (13), we perform a simulation switching off the thermal noise in the x direction (η 1 = 0) in Eq. (1) -this effectively achieves the limit Wi → ∞ for any finiteγ. For the latter case, witḣ γ = 0.2 and 0.6, we show in Fig. 2 that their slopes α for P (T ) have excellent agreement with Eq. (13). For any finite Wi (keeping η 1 = 0), the value of α smoothly interpolates between the two limits ≃ 1.20 and 0.324 (see Fig. 2 ).
No direct comparison can be made with the published experimental data [10] , as the latter study is for radial tumbling. We look forward to future experiments on angular tumbling of a semi-flexible polymer. We claim that our result for α in Eq. (13) will serve as a lower bound, based on the following argument. For the small Wi regime, a semi-flexible polymer may be represented by the Rouse limit, for which we have shown (Fig. 2) that α decreases as Wi increases and approaches the value in Eq. (13) from above. On the other hand, for the large Wi regime, it is known from experiments [10] and FENE model simulations [8] that α increases as Wi increases. These two facts put together imply that α would reach a minimum value for some intermediate Wi and that can only approach the value in Eq. (13) from above. In summary, we have obtained exact PDFs for the length and latitude angle of the end-to-end vector of a Rouse polymer in shear flow. Further, we have derived an accurate analytical estimate of the decay constant associated with the PDF of angular tumbling times for a Rouse chain in the limit of strong shear.
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